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Introduction Back to basics: multiply permutations!

Yang-Baxter elements

The trace of the Yang-Baxter

& is a non-commutative group:

2130132 =231, 1320213 =312.
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Introduction Back to basics: multiply permutations!

Yang-Baxter elements

The trace of the Yang-Baxter

& is a non-commutative group:

2130132 =231, 1320213 =312.

The braid relation:

SiSj+1Si = Sj+15iSj+1-

More interesting: Yang-Baxter elements. Appear in
@ statistical mechanics,
@ braid theory,
@ representation theory,
° ..
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Introduction

Back to basics: multiply permutations!
YYang-Baxter elements

The trace of the Yang-Baxter

Yang-Baxter elements are connected to the braid relation.
Indeed, find the conditions on the unknowns to satisfy

(1+as))(1+bs2)(1+csy)=(1+as)(1+b'sy)(1+'sp). (1)
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Introduction Back to basics: multiply permutations!

YYang-Baxter elements

The trace of the Yang-Baxter

Yang-Baxter elements are connected to the braid relation.
Indeed, find the conditions on the unknowns to satisfy

(1+asi)(1+bs2)(1+cs1)=(1+as)(1+b's1)(1+'s2). (1)
We get six (redundant) equations that simplify into
b=V, a=7<, c=4d,

andb=a-+tc.

J.-C. Novelli Yang-Baxter and beyond



Introduction

Back to basics: multiply permutations!
YYang-Baxter elements

The trace of the Yang-Baxter

Let us define
Ys(u,v) =Y(u,v)=1+(u—-v)s. (2)
Then

Yi(u,v) Yo(u,w) Yi(v,w) = Yo(v,w) Yi(u,w) Ya(u,v). (3)
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Introduction

Back to basics: multiply permutations!
YYang-Baxter elements

The trace of the Yang-Baxter

Let us define
Ys,(Uu,v) =Yi(u,v) =1+ (u—v)s;. (2)
Then

Yi(u,v) Yo(u,w) Yi(v,w) = Yo(v,w) Yi(u,w) Ya(u,v). (3)

Now, given a sequence of spectral parameters (historical
reasons) u = (uy, ..., Up), define

YU-Si(u) = Ya(u)yi(udiv Usi 4 ) (4)

Then Y, is well-defined for any permutation o written as a
reduced product of elementary transpositions. Moreover, they
form a basis of the symmetric group algebra (triangularity on
the strong Bruhat order).
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Introduction Back to basics: multiply permutations!

Yang-Baxter elements

The trace of the Yang-Baxter

Now define the trace that sends each permutation o to py(,)
where \ is its cycle type.
For example, our generic Yang-Baxter element is sent to

tr(Yao1(u,v,w)) = (14 (u—v)(v—w))pi11

> ()
+(U=w)2+ (u—V)(v—-w))pz1 + (U—w)"ps.
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Yang-Baxter elements

The trace of the Yang-Baxter

Now define the trace that sends each permutation o to py(,)
where \ is its cycle type.
For example, our generic Yang-Baxter element is sent to

tr(Yao1(u,v,w)) = (14 (u—v)(v—w))pi11

(5)
+ (U= w)2+ (U= Vv)(v—w))per + (u—w)°pa.
Now substitute u =0, v =1, w = 2, and get
2p111 — 6 p21 + 4 ps, (6)
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Yang-Baxter elements

The trace of the Yang-Baxter

Now define the trace that sends each permutation o to py(,)
where \ is its cycle type.
For example, our generic Yang-Baxter element is sent to

tr(Yao1(u,v,w)) = (14 (u—v)(v—w))pi11

(5)
+ (U= w)2+ (U= Vv)(v—w))per + (u—w)°pa.
Now substitute u =0, v =1, w = 2, and get
2p111 — 6 p21 + 4 ps, (6)

which is also 2 Jy11, the Jack polynomial.
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Introduction Back to basics: multiply permutations!

Yang-Baxter elements

The trace of the Yang-Baxter

Now define the trace that sends each permutation o to py(,)
where \ is its cycle type.
For example, our generic Yang-Baxter element is sent to

tr(Yao1(u,v,w)) = (14 (u—v)(v—w))pi11

(5)
+ (U= w)2+ (U= Vv)(v—w))per + (u—w)°pa.
Now substitute u =0, v =1, w = 2, and get
2p111 — 6 p21 + 4 ps, (6)

which is also 2 Jy11, the Jack polynomial.

Ok, not impressive at all.
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The Jack poklynomials The case n=3

The general case

The recipe is very similar to get J3 and Joq:
tr (Yaio(u,v,w)) = p111+ (U+Vv—2W)p21+ (U—w)(v—w)ps,

which gives Js = py11 + 3apo1 + 2a8°ps with u =0, v = —a,
w = -2a.

And
tir(Yost1(u,v,w)) = p111+ (RQu—v—w)pe1+ (U—Vv)(u—w)ps,

which gives Jo1 = py11+ (@—1)p2y —apzwithu =0, v =1,
w=—-a.
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The Jack poklynomials The case n=3

The general case

The recipe is very similar to get J3 and Joq:
tr (Yaio(u,v,w)) = p111+ (U+Vv—2W)p21+ (U—w)(v—w)ps,

which gives Js = py11 + 3apo1 + 2a8°ps with u =0, v = —a,
w = -2a.

And
tir(Yost1(u,v,w)) = p111+ (RQu—v—w)pe1+ (U—Vv)(u—w)ps,

which gives Jo1 = py11+ (@—1)p2y —apzwithu =0, v =1,
w=—-a.

Still not very impressive.
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The Jack poklynomials The case n=3

The general case

We need two informations to compute a Yang-Baxter element:
a permutation and a sequence of spectral parameters.

Given a partition A, fill it with polynomials in a following this
simple rule: the cell (r, ¢) is filled with (¢ — r.a).
For example,

—3a |1-3a
—2a |1-2a|2-2a|3 2a
—-a |1-a|2—-a| 3-a
0 1 2 3 4

and the sequence s(5,4,4,2) is

0,1,2,8,4,—a,1—-a,2—a,3-a,2a,1-2a,22a,3-2a,—3a,1-3a.
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The Jack poklynomials The case n=3

The general case

Now, about the permutation, write 1,..., nin rows from bottom
to top and first read from right to left the cells with no values
above them then read the remaining values by rows from right
to left and from bottom to top.

For example,

14 15
10 11 12 13
6 7 8 9
1 2 3 4 5

and the permutation p(5,4,4,2) is
5,13,12,15,14,4,3,2,1,9,8, 7,6, 11, 10.
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The Jack poklynomials The case n=3

The general case

Conjecture 1: Given any partition ), the trace of the
Yang-Baxter element Y,,)(s())) is (up to a scalar) the Jack
polynomial of the conjugate of \.
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The Jack poklynomials The case n=3

The general case

Conjecture 1: Given any partition ), the trace of the
Yang-Baxter element Y,,)(s())) is (up to a scalar) the Jack
polynomial of the conjugate of \.

This conjecture was checked up to n = 9.
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The Jack poklynomials The case n=3

The general case

Conjecture 1: Given any partition ), the trace of the
Yang-Baxter element Y,,)(s())) is (up to a scalar) the Jack
polynomial of the conjugate of \.

This conjecture was checked up to n = 9.

In particular, with this p and this s, the coefficient of pyn in Y
divides all others.
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The Jack poklynomials The case n=3

The general case

Conjecture 1: Given any partition ), the trace of the
Yang-Baxter element Y,,)(s())) is (up to a scalar) the Jack
polynomial of the conjugate of \.

This conjecture was checked up to n = 9.

In particular, with this p and this s, the coefficient of pyn in Y
divides all others.

Other values of p and s also give the Jack polynomials.

J.-C. Novelli Yang-Baxter and beyond



Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of the conjecture

Where Yang-Baxter elements appear again

@ In their search for multi-t Hall-Littlewood polynomials,
Lascoux, Leclerc and Thibon ('97) found a "process" to
produce those for rectangular partitions.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of the conjecture

Where Yang-Baxter elements appear again

@ In their search for multi-t Hall-Littlewood polynomials,
Lascoux, Leclerc and Thibon ('97) found a "process" to
produce those for rectangular partitions.

@ At the same time, Nakayashiki and Yamada computed
energy (Kostka polynomials) in crystal graphs (please ask
Anne) and found the same statistics on t on HL pols.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ In their search for multi-t Hall-Littlewood polynomials,
Lascoux, Leclerc and Thibon ('97) found a "process" to
produce those for rectangular partitions.

@ At the same time, Nakayashiki and Yamada computed
energy (Kostka polynomials) in crystal graphs (please ask
Anne) and found the same statistics on t on HL pols.

@ They found it using the trace of the "combinatorial”
R-matrix.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of the conjecture

Where Yang-Baxter elements appear again

@ In their search for multi-t Hall-Littlewood polynomials,
Lascoux, Leclerc and Thibon ('97) found a "process" to
produce those for rectangular partitions.

@ At the same time, Nakayashiki and Yamada computed
energy (Kostka polynomials) in crystal graphs (please ask
Anne) and found the same statistics on t on HL pols.

@ They found it using the trace of the "combinatorial”
R-matrix.

@ Why not use the trace of the general R-matrix (that is
related to Yang-Baxter elements)?
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of the conjecture

Where Yang-Baxter elements appear again

@ One needs to compute traces in Uq(s7n).
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The origins of the conjecture

Where Yang-Baxter elements appear again

@ One needs to compute traces in Uq(s7n).

@ By the Schur-Weyl duality, one can compute traces in
Hecke algebras.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ One needs to compute traces in Uq(s7n).
@ By the Schur-Weyl duality, one can compute traces in
Hecke algebras.

@ Attempts were made at the time but with wrong
assumptions.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of th nj r
e origins of the conjecture Where Yang-Baxter elements appear again

The Hecke algebra H,(q) is the algebra generated by the T;
(with i € [1, n — 1]) satisfying

o =TT ifli-jl>2

© TiTiyaTi= Tip1TiTitq,

° T7=(q-1Ti+q.
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Rectangular Hall-Littlewood polynomials

. ) Hecke algebras and traces
The origins of the conjecture

Where Yang-Baxter elements appear again

The Hecke algebra H,(q) is the algebra generated by the T;
(with i € [1, n — 1]) satisfying

o =TT ifli-jl>2

© TiTiv1Ti= Tip1TiTita,

° TF=(q-NTi+q

As in the symmetric group case, there is a basis indexed by
permutations (since T, is well-defined).
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces

The origins of th nj r
e origins of the conjecture Where Yang-Baxter elements appear again

The Hecke algebra H,(q) is the algebra generated by the T;
(with i € [1, n — 1]) satisfying

o T =TT, ifli-jl>2,

© TiTiaTi=Tit1TiTiya,

° T7=(q-1Ti+q.
As in the symmetric group case, there is a basis indexed by
permutations (since T, is well-defined).

Computing traces there by hand is not that fun...
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Rectangular Hall-Littlewood polynomials

. ) Hecke algebras and traces
The origins of the conjecture

Where Yang-Baxter elements appear again

The Hecke algebra H,(q) is the algebra generated by the T;
(with i € [1, n — 1]) satisfying

o T =TT, ifli-jl>2,

© TiTiaTi=Tit1TiTiya,

° T7=(q-1Ti+q.
As in the symmetric group case, there is a basis indexed by
permutations (since T, is well-defined).

Computing traces there by hand is not that fun... but there is
an algorithm by Ram that helps a lot.
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),

@ Got interested in formulas connecting Macdonald
polynomials to LLT (Haglund-Wilson),
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),

@ Got interested in formulas connecting Macdonald
polynomials to LLT (Haglund-Wilson),

@ Got for free multi-t analogs of the Macdonald polynomials
(for all partitions) in the process,
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),

@ Got interested in formulas connecting Macdonald
polynomials to LLT (Haglund-Wilson),

@ Got for free multi-t analogs of the Macdonald polynomials
(for all partitions) in the process,

@ Tried to connect it with the R-matrix, hence to traces in the
Hecke algebra,
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

@ Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),

@ Got interested in formulas connecting Macdonald
polynomials to LLT (Haglund-Wilson),

@ Got for free multi-t analogs of the Macdonald polynomials
(for all partitions) in the process,

@ Tried to connect it with the R-matrix, hence to traces in the
Hecke algebra,

@ Related traces with chromatic polynomials thanks to an old
conjecture of Haiman on Kazhdan-Lusztig elements
(intervals in the Bruhat order),
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Rectangular Hall-Littlewood polynomials
Hecke algebras and traces
Where Yang-Baxter elements appear again

The origins of the conjecture

Started by generalizing to WQSym the chromatic
quasi-symmetric functions (or unicellular LLT polynomials),
Got interested in formulas connecting Macdonald
polynomials to LLT (Haglund-Wilson),

Got for free multi-t analogs of the Macdonald polynomials
(for all partitions) in the process,

Tried to connect it with the R-matrix, hence to traces in the
Hecke algebra,

Related traces with chromatic polynomials thanks to an old
conjecture of Haiman on Kazhdan-Lusztig elements
(intervals in the Bruhat order),

Finally ended up computing all generic Yang-Baxter
elements since the R-matrix connects to Y-B and Lascoux
had an algorithm to factorize some intervals in the Bruhat
order Y-B-like.

J.-C. Novelli Yang-Baxter and beyond



The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Compute the same Yang-Baxter elements as before but now in
the Hecke algebra and get their equivariant trace thanks to
Ram.
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The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Compute the same Yang-Baxter elements as before but now in
the Hecke algebra and get their equivariant trace thanks to
Ram.

The permutation is chosen as before but the spectral
parameters are even simpler: fill cell (r, ¢) with the parameter
qet’.
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The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Compute the same Yang-Baxter elements as before but now in
the Hecke algebra and get their equivariant trace thanks to
Ram.

The permutation is chosen as before but the spectral
parameters are even simpler: fill cell (r, ¢) with the parameter
qet’.

Conjecture 2: The equivariant trace of this Yang-Baxter
element is (up to a scalar) the Macdonald polynomial

H\((1 = g)X; q.1).

J.-C. Novelli Yang-Baxter and beyond



The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Compute the same Yang-Baxter elements as before but now in
the Hecke algebra and get their equivariant trace thanks to
Ram.

The permutation is chosen as before but the spectral
parameters are even simpler: fill cell (r, ¢) with the parameter
qet’.

Conjecture 2: The equivariant trace of this Yang-Baxter
element is (up to a scalar) the Macdonald polynomial

HA((1 = g)X; g, 1).

Of course, Conjecture 2 was made before Conjecture 1.

J.-C. Novelli Yang-Baxter and beyond



The main conjecture
Other conjectures

R Concluding remarks
Towards Macdonald polynomials

The Haglund-Wilson formula connects the J Macdonald to the
chromatic polynomials, hence the H to the LLTs. The
coefficients are differences t* — g2 where ¢ and a count legs
and arms in partitions.
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The main conjecture
Other conjectures

R Concluding remarks
Towards Macdonald polynomials

The Haglund-Wilson formula connects the J Macdonald to the
chromatic polynomials, hence the H to the LLTs. The
coefficients are differences t* — g2 where ¢ and a count legs
and arms in partitions.

The LLTs are one-parameter (in g) so get a multi-t Macdonald
by writing the previous differences as t; — g@.
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The main conjecture
Other conjectures

R Concluding remarks
Towards Macdonald polynomials

The Haglund-Wilson formula connects the J Macdonald to the
chromatic polynomials, hence the H to the LLTs. The
coefficients are differences t* — g2 where ¢ and a count legs
and arms in partitions.

The LLTs are one-parameter (in g) so get a multi-t Macdonald
by writing the previous differences as t; — g@.

Conjecture 3: These multi-t Macdonald have a positive
expansion of Schur functions.
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The main conjecture
Other conjectures

R Concluding remarks
Towards Macdonald polynomials

The Haglund-Wilson formula connects the J Macdonald to the
chromatic polynomials, hence the H to the LLTs. The
coefficients are differences t* — g2 where ¢ and a count legs
and arms in partitions.

The LLTs are one-parameter (in g) so get a multi-t Macdonald
by writing the previous differences as t; — g@.

Conjecture 3: These multi-t Macdonald have a positive
expansion of Schur functions. Moreover, the coefficients of the
hook partitions are the elementary symmetric functions of the
qct.

J.-C. Novelli Yang-Baxter and beyond



The main conjecture
Other conjectures

X Concluding remarks
Towards Macdonald polynomials s

Let us look at one coefficient of Hap1:

Hapt = 86+ (2 +qty + Q-+t + b)Ss1 + ...

+ (P2 +q* +30% +26°2 + Pt + GPt + 2¢°h + 3qti by
+ B+ Glo) Sz + - .

+ g ts111111.-
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The main conjecture
Other conjectures

X Concluding remarks
Towards Macdonald polynomials s

Let us look at one coefficient of Hap1:

Hapt = 86+ (2 +qty + Q-+t + b)Ss1 + ...

+ (P2 +q* +30% +26°2 + Pt + GPt + 2¢°h + 3qti by
+ B+ Glo) Sz + - .

+ g ts111111.-

The product of all monomials in szo1 is g32t]°18 = (q*t2,)8.

J.-C. Novelli Yang-Baxter and beyond



The main conjecture
Other conjectures

R Concluding remarks
Towards Macdonald polynomials

Conjecture 4: If one expands any Macdonald polynomial in the
Schur basis, the product of all monomials of a given partition A
is always a power of the coefficient of syn.
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The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Conjecture 4: If one expands any Macdonald polynomial in the
Schur basis, the product of all monomials of a given partition A
is always a power of the coefficient of syn.

This power is the number of Young tableaux of shape A where 2
is above 1.
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The main conjecture
Other conjectures
Concluding remarks

Towards Macdonald polynomials

Conjecture 4: If one expands any Macdonald polynomial in the
Schur basis, the product of all monomials of a given partition A
is always a power of the coefficient of syn.

This power is the number of Young tableaux of shape A where 2
is above 1.

The conjecture is true for usual Macdonalds on hook partitions
thanks to the remark above.

ovelli Yang-Baxter and beyond



The main conjecture
Other conjectures

Concluding remarks

Towards Macdonald polynomials

Conjectures 3 and 4 hold for many other Yang-Baxter elements
(same spectral parameters but not the same permutations) as
long as they expand as Laurent polynomials in g and t.
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The main conjecture
Other conjectures

Concluding remarks

Towards Macdonald polynomials

Conjectures 3 and 4 hold for many other Yang-Baxter elements
(same spectral parameters but not the same permutations) as
long as they expand as Laurent polynomials in g and t.

Given both spectral parameters of Jack and Macdonald, the
sets of permutations giving those polynomials are apparently
the same.
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The main conjecture
Other conjectures

Concluding remarks

Towards Macdonald polynomials

Conjectures 3 and 4 hold for many other Yang-Baxter elements
(same spectral parameters but not the same permutations) as
long as they expand as Laurent polynomials in g and t.

Given both spectral parameters of Jack and Macdonald, the
sets of permutations giving those polynomials are apparently
the same.

Are Macdonald polynomials part of a much larger combinatorial
family completely unrelated with the classical ways of thinking
about them?

J.-C. Novelli Yang-Baxter and beyond
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