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1 “Do you want to prove another cyclic sieving phenomenon?”
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24th International Conference on Formal Power Series and
Algebraic Combinatorics, Nagoya, Hotel Lobby, 2012

Christian to Christian: “Willst Du ein weiteres
,Zyklisches-Sieben-Phinomen" beweisen?"!

Christian to Christian: “Sicher. Warum nicht?"?

1 “Do you want to prove another cyclic sieving phenomenon?”
2 “Syre. Why not?”
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
A set partition is called non-crossing if its representation on the
circle is non-crossing.

ExampLE: {{1,3,6,7},{2},{4,5},{8,9}}
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
A set partition is called non-crossing if its representation on the
circle is non-crossing.

ExampLE: {{1,3,6,7},{2},{4,5},{8,9}}
9
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

A non-crossing partition is called m-divisible if all block sizes are
divisible by m.

Christian Krattenthaler and Stump



A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

A non-crossing partition is called m-divisible if all block sizes are
divisible by m.

Theorem (EDELMAN)

The number of m-divisible non-crossing partitions of

{1,2,...,mn} is
()
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

A non-crossing partition is called m-divisible if all block sizes are
divisible by m.

Theorem (EDELMAN)

The number of m-divisible non-crossing partitions of

{1,2,...,mn} is
()

(These numbers are now known as the FuB—Catalan numbers.)
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”
BIANE (1997): non-crossing partitions as permutations
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d’'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

Define the reflection length ¢1() of a permutation 7 as the
smallest k such that m = tyty - - - tx, where all t; are transpositions.

Theorem (BIANE)

The non-crossing partitions of {1,2,...,n} arise by considering all
permutations 7 in S,, such that there exists o € S,, with

oo = (1,2,...,”) and€T(a)—|—€T(7r) = ET((1,2,. ..,n)) =n—1.

interpreting the cycles of 7 as blocks.
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d’'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

Define the reflection length ¢1() of a permutation 7 as the
smallest k such that m = tyty - - - tx, where all t; are transpositions.

Theorem (BIANE)

The non-crossing partitions of {1,2,...,n} arise by considering all
permutations 7 in S,, such that there exists o € S,, with

oo = (1,2,...,”) and€T(a)—|—€T(7r) = ET((1,2,. ..,n)) =n—1.

interpreting the cycles of 7 as blocks.

EXAMPLE:

{{1,3,6,7},{4,5},{8,9}}

Christian Krattenthaler and Stump



A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d’'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

Define the reflection length ¢1() of a permutation 7 as the
smallest k such that m = tyty - - - tx, where all t; are transpositions.

Theorem (BIANE)

The non-crossing partitions of {1,2,...,n} arise by considering all
permutations 7 in S,, such that there exists o € S,, with

oo = (1,2,...,”) and€T(a)—|—€T(7r) = ET((1,2,. ..,n)) =n—1.

interpreting the cycles of 7 as blocks.

EXAMPLE:
(1,3,6,7)(4,5)(8,9)
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d’'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

Define the reflection length ¢1() of a permutation 7 as the
smallest k such that m = tyty - - - tx, where all t; are transpositions.

Theorem (BIANE)

The non-crossing partitions of {1,2,...,n} arise by considering all
permutations 7 in S,, such that there exists o € S,, with

oo = (1,2,...,”) and€T(a)—|—€T(7r) = ET((1,2,. ..,n)) =n—1.

interpreting the cycles of 7 as blocks.

ExaMPLE: We have
((1,8)(2,3)(4,6))0((1,3,6,7)(4,5)(8,9)) —(1,2,3,4,5,6,7,8,9)
and 3+5=90-1.

Christian Krattenthaler and Stump



A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”
BIANE (1997): non-crossing partitions as permutations
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

BEssis; BRADY AND WATT (2002/03): non-crossing partitions
for reflection groups
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d’'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

BEssis; BRADY AND WATT (2002/03): non-crossing partitions
for reflection groups

For a finite real reflection group W and an element w € W, define
the reflection length ¢1(w) as the smallest k such that

w = titp - - - ty, where all t; are reflections.

Definition

For a finite real reflection group W fix a Coxeter element c. The
non-crossing partitions for W are all elements w in W such that
there exists v € W with

vow=c and {7(v)+L1(w)="V1(c).
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

BEssis; BRADY AND WATT (2002/03): non-crossing partitions
for reflection groups
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A brief history of non-crossing partitions

KREWERAS (1972): “partitions non croisées d'un cycle”
EDELMAN (1980): "m-divisible non-crossing partitions”

BIANE (1997): non-crossing partitions as permutations

BEssis; BRADY AND WATT (2002/03): non-crossing partitions
for reflection groups

ARMSTRONG (2006): m-divisible non-crossing partitions for
reflection groups

Christian Krattenthaler and Stump



m-divisible non-crossing partitions associated with

reflection groups
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m-divisible non-crossing partitions associated with

reflection groups

Let W be a finite real reflection group.

The reflection length £1(w) of an element w € W is defined by
the smallest k such that

w=titp - ty,

where all t; are reflections.
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m-divisible non-crossing partitions associated with

reflection groups

Let W be a finite real reflection group.

The reflection length £1(w) of an element w € W is defined by
the smallest k such that

where all t; are reflections.

The reflection order <t is defined by

u<tw ifandonlyif £7(u) + 7(u"tw) = L1(w).
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m-divisible non-crossing partitions associated with
reflection groups

Definition (ARMSTRONG )

The m-divisible non-crossing partitions for a reflection group W
are defined by

NC(’")(W) = {(Wo; Wi,...,Wm): WoWj - Wp = c and

Cr(wo) + Lr(wi) + - + L7 (wm) = €1(c) },

where ¢ is a Coxeter element in W.
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m-divisible non-crossing partitions associated with
reflection groups

Definition (ARMSTRONG )

The m-divisible non-crossing partitions for a reflection group W
are defined by

NC(’")(W) = {(Wo; Wi,...,Wm): WoWj - Wp = c and
Cr(wo) + Lr(wi) + - + L7 (wm) = €1(c) },

where ¢ is a Coxeter element in W.

In particular,
NCO(W) = NC(W),

the “ordinary” non-crossing partitions for W.
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m-divisible non-crossing partitions associated with
reflection groups

Definition (ARMSTRONG )

The m-divisible non-crossing partitions for a reflection group W
are defined by

NC(’")(W) = {(Wo; Wi,...,Wm): WoWj - Wp = c and

Cr(wo) + Lr(wi) + - + L7 (wm) = €1(c) },

where ¢ is a Coxeter element in W.
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m-divisible non-crossing partitions associated with
reflection groups

Definition (ARMSTRONG )

The m-divisible non-crossing partitions for a reflection group W
are defined by

NC(’")(W) = {(Wo; Wi,...,Wm): WoWj - Wp = c and

Cr(wo) + Lr(wi) + - + L7 (wm) = €1(c) },

where ¢ is a Coxeter element in W.

The elements of NC(™ (W) are enumerated by the FuB-Catalan
numbers for reflection groups

n

h+ d;
Cat(M(w) = TT 204
at'™ (W) ,1:[1 d
Here, di < db < --- < d, are the degrees of W, and h = d,, is the
Coxeter number of W.




Classification of (irreducible) finite real reflection groups
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Classification of (irreducible) finite real reflection groups

TYPE A,: permutations of {1,2,...,n+ 1}; thatis, Sp41
—1,-2,...,—n} with

TYPE B,: permutations 7 of {1,2,...,n,
m(—i) = —mn(i) for all i

TYPE Dp: subgroup of B, of signed permutations with an even
number of signs

EXCEPTIONAL TYPES: Eg, E7, Eg, F4, H3, Hy

DIHEDRAL GROUPS: h(r)
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m-divisible non-crossing partitions associated with

reflection groups

Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and

Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
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m-divisible non-crossing partitions associated with

reflection groups

Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and

Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },

EXAMPLE FOR m =3, W = Ag
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m-divisible non-crossing partitions associated with

reflection groups

Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and

Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },

EXAMPLE FOR m =3, W = Ag(= S7):
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m-divisible non-crossing partitions associated with

reflection groups
Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6) (3,6) (1,7)(1,2,6) = (1,2,3,4,5,6,7) = c
and

gT((475?6)> + KT((3’6)) + eT((L?)) + ET((17276))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).

Christian Krattenthaler and Stump



m-divisible non-crossing partitions associated with

reflection groups
Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6)(3,6)(1,7)(1,2,6) = (1,2,3,4,5,6,7) = ¢
and
(7((4,5,6)) +£7((3,6)) + ¢7((1,7)) +£7((1,2,6))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).

Now “blow-up” wy, wo, ws:
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m-divisible non-crossing partitions associated with

reflection groups
Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6)(3,6)(1,7)(1,2,6) = (1,2,3,4,5,6,7) = ¢
and
(7((4,5,6)) +£7((3,6)) + ¢7((1,7)) +£7((1,2,6))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).

Now “blow-up” wy, wo, ws:

(7,16) (2,20) (3,6,18)
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m-divisible non-crossing partitions associated with

reflection groups
Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6)(3,6)(1,7)(1,2,6) = (1,2,3,4,5,6,7) = ¢
and
(7((4,5,6)) +£7((3,6)) + ¢7((1,7)) +£7((1,2,6))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).

Now “blow-up” wy, wo, ws:

(7,16) 71 (2,20)71(3,6,18) 7!
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m-divisible non-crossing partitions associated with

reflection groups
Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + Lr(wa) + -+ + L7 (wm) = £1(c) },
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6)(3,6)(1,7)(1,2,6) = (1,2,3,4,5,6,7) = ¢
and
(7((4,5,6)) +£7((3,6)) + ¢7((1,7)) +£7((1,2,6))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).

Now “blow-up” wy, wo, ws:

(1,2,...,21)(7,16)7* (2,20)7* (3,6,18) !
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m-divisible non-crossing partitions associated with

reflection groups

Combinatorial realisation in type A (Armstrong)
NCM(W) = {(woi w1, ..., wpm): wowy - wm = c and
Cr(wo) + €1 (wi) + -+ + L1 (wm) = l1(c)},
EXAMPLE FOR m =3, W = Ag(= S7):
wo = (4,5,6), wy = (3,6), wo = (1,7), and w3 = (1,2,6). Indeed,
(4,5,6)(3,6) (1,7)(1,2,6) = (1,2,3,4,5,6,7) = c
and
gT((4? 576)> + KT((?’a 6)) + eT((lv 7)) + gT((la 27 6))
=2+1+1+2=6=107((1,2,3,4,5,6,7)).
Now “blow-up” wy, wy, ws:
(1,2,...,21)(7,16)7* (2,20)7* (3,6,18) !

= (1,2,21)(3,19,20) (4,5,6) (7,17,18) (8,9,.. ., 16).



m-divisible non-crossing partitions associated with
reflection groups

12 10

11
A 3-divisible non-crossing partition of type Ag
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m-divisible non-crossing partitions associated with

reflection groups

©

10

14
g partition of type Bs
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A 3-divisible non-crossin



m-divisible non-crossing partitions associated with
reflection groups

L A
A 3-divisible non-crossing partition of type Dg
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Positive m-divisible non-crossing partitions

We want positive m-divisible non-crossing partitions!
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Positive m-divisible non-crossing partitions

We want positive m-divisible non-crossing partitions!

These were defined by Buan, Reiten and Thomas, as an aside in
“m-noncrossing partitions and m-clusters.” There, they
constructed a bijection between the facets of the m-cluster
complex of Fomin and Reading and the m-divisible non-crossing
partitions of Armstrong.
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Positive m-divisible non-crossing partitions

We want positive m-divisible non-crossing partitions!

These were defined by Buan, Reiten and Thomas, as an aside in
“m-noncrossing partitions and m-clusters.” There, they
constructed a bijection between the facets of the m-cluster
complex of Fomin and Reading and the m-divisible non-crossing
partitions of Armstrong.

The positive m-clusters are those which do not contain any

negative roots. They are enumerated by the positive FuB—Catalan

numbers
n

cat{"(w) =[]

i=1
Here, di < db < --- < d, are the degrees of W, and h = d, is the
Coxeter number of W.

mh+d; — 2
d; '
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Positive m-divisible non-crossing partitions

So:
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Positive m-divisible non-crossing partitions

So:

Buan, Reiten and Thomas declare:

Definition

The image of the positive m-clusters under the
Buan—Reiten—Thomas bijection constitutes the positive m-divisible
non-crossing partitions.
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Positive m-divisible non-crossing partitions

So:

Buan, Reiten and Thomas declare:

Definition

The image of the positive m-clusters under the
Buan—Reiten—Thomas bijection constitutes the positive m-divisible
non-crossing partitions.

One can give an intrinsic definition:

Definition

An m-divisible non-crossing partition (wo; wi, ..., W) in
NC(™ (W) is positive, if and only if wowy - - - wy,_1 is not
contained in any proper standard parabolic subgroup of W.

Christian Krattenthaler and Stump



Positive m-divisible non-crossing partitions

One can give an intrinsic definition:

Definition

An m-divisible non-crossing partition (wo; wi, ..., wp) in
NC(M(W) is positive, if and only if wow - - - Wy_1 is not
contained in any proper standard parabolic subgroup of W.
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Positive m-divisible non-crossing partitions

One can give an intrinsic definition:

Definition

An m-divisible non-crossing partition (wo; wi, ..., wp) in
NC(™M (W) is positive, if and only if wow; - - - Wim_1 is not
contained in any proper standard parabolic subgroup of W.

Let NCJ(rm)(W) denote the set of all positive m-divisible
non-crossing partitions for W.
Trivial corollary:

INCU (W) = Cat{M (W) =

Christian Krattenthaler and Stump



Positive m-divisible non-crossing partitions

One can give an intrinsic definition:

Definition

An m-divisible non-crossing partition (wo; wi, ..., wp) in
NC(™M (W) is positive, if and only if wow; - - - Wim_1 is not
contained in any proper standard parabolic subgroup of W.

Let NCJ(rm)(W) denote the set of all positive m-divisible
non-crossing partitions for W.
Trivial corollary:

INCD (W) = cat™(w) =

Buan, Reiten and Thomas then write:

“Other than that, there do not seem to be enumerative results
known for these families.”

Christian Krattenthaler and Stump



Enumeration of positive m-divisible non-crossing partitions
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Enumeration of positive m-divisible non-crossing partitions

For

“ordinary” m-divisible non-crossing partitions, closed-form

enumeration results are known for:

Christian Krattenthaler and Stump

total number;

number of those of given rank;

number of those with given block sizes (in types A, B, D);
number of chains;

number of chains with elements at given ranks;

number of chains with elements at given ranks and bottom
element with given block sizes (in types A, B, D).



How do elements of NC."™(A,_1) look like?
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How do elements of NC."™(A,_1) look like?
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How do elements of NC."™(A,_1) look like?

Fact: Under Armstrong's map, the elements of NCJ(rm)(A,,,l)
correspond to those m-divisible non-crossing partitions of
{1,2,..., mn} in which mn and 1 are in the same block.

Christian Krattenthaler and Stump



How do elements of NC."™(A,_1) look like?

2o e a5

20 19 18 17 16

A positive 3-divisible non-crossing partition of type Aj;
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Enumeration in NC;™(A,_1)

Let m, n be positive integers, The total number of positive
m-divisible non-crossing partitions of {1,2,..., mn} is given by

().
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Enumeration in NC;™(A,_1)

Let m, n be positive integers, The total number of positive
m-divisible non-crossing partitions of {1,2,..., mn} is given by

().

Let m, n,| be positive integers, The number of multi-chains
m < mp < --- < 7_q in the poset of positive m-divisible

non-crossing partitions of {1,2,..., mn} is given by
1+(/—1)(m—-1)/n—-14+(/—1)(mn—1)
n—1 n—2 i

Christian Krattenthaler and Stump



Enumeration in NC;™(A,_1)

Theorem

Let m and n be positive integers, For non-negative integers

by, by, ..., b, the number of positive m-divisible non-crossing
part/t/ons of {1,2,...,mn} which have exactly b; blocks of size
mi, i=1,2,...,n, is given by

1 (b1+b2+---+bn)< mn —1 >
mn —1 b17b2a"'7bn b1+b2++bn

if by +2by + ---+ nb, = n, and 0 otherwise.

Christian Krattenthaler and Stump



Enumeration in NC;™(A,_1)

Theorem

Let m, n, | be positive integers, and let s1,sy,...,s; be
non-negative integers with s; +sp + ---+ s, = n— 1. The number
of multi-chains 71 < mp < -+ < my_1 in the poset of positive

m-divisible non-crossing partitions of {1,2,..., mn} with the
property that rk(m)) =s1+sp+--+s;, i=1,2,...,1—1,is
given by

mn—sy—s3—---—s —1/(n mn—1 mn—1
(mn—1)n s1 S0 s '

Christian Krattenthaler and Stump



Enumeration in NC;™(A,_1)

Theorem

Let m, n,| be positive integers, For non-negative integers

b1, by, ..., by, the number of multi-chains m1 < mp < --- < m_q1 In
the poset of positive m-divisible non-crossing partitions of
{1,2,..., mn} for which the number of blocks of size mi of m is

bi, i=1,2,...,n, is given by

mn—by — by —---— b, <b1+b2+-~+b,,>
(mn—l)(b1+b2+---+b,,) bi, by, ..., b,

(e ey

if by +2by + - - - + nb, = n, and 0 otherwise.

Christian Krattenthaler and Stump



Enumeration in NC;™(A,_1)

Theorem

Let m, n,| be positive integers, and let s1,s>,...,5,,b1,bo, ..., b,
be non-negative integers with s + s+ ---+s, =n—1. The
number of multi-chains m1 < mp < --- < m_1 In the poset of
positive m-divisible non-crossing partitions of {1,2,..., mn} with
the property that rk(m)) =s1+sp+--+s;,i=1,2,...,1—1,
and that the number of blocks of size mi of 71 is b,
i=1,2,...,n, is given by

mn—by — by —---— b, by + by +---+ b,
(mn—=1)(by + by +---+ by) bi, by, ..., b,

)

ifby +2by+---+nb,=nands; +by +by+---+b,=n, and 0
otherwise.
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How do elements of NC,™(B,) look like?
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How do elements of NC,™(B,) look like?

Fact: Under Armstrong’s map, the elements of NCfLm)(Bn)
correspond to those m-divisible non-crossing partitions of

{1,2,...,mn,—1,—-2 ..., —mn} which are invariant under
rotation by 180°, and in which the block of 1 contains a negative
element.
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How do elements of NC,™(B,) look like?

ol

[&,11

A positive 3-divisible non-crossing partition of type By
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Enumeration in NC\™(B,)
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Enumeration in NC\™(B,)

Let m, n be positive integers, The total number of positive
m-divisible non-crossing partitions of
{1,2,...,mn,=1,-2,...,—mn} of type B is given by

<(m+ i)n— 1)_

Let m, n be positive integers, The total number of positive
m-divisible non-crossing partitions of
{1,2,...,mn,—1,-2,..., —mn} of type B which have a zero
block of size 2ma is given by

<(m+17)n;a—2>'

Christian Krattenthaler and Stump




Enumeration in NC\™(B,)

Theorem

Let m, n be positive integers. The number of positive m-divisible
non-crossing partitions in NC (m)(Bn) with the property that the
number of non-zero blocks of size mi of w1 is 2b;, i =1,2,...,n,

is given by
<b1+b2+~~+bn>< mn—1 )
b1, by, ..., b, by +by+ -+ b,)

REMARK. We do not have results on chain enumeration.
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How do elements of NC."™(D,) look like?
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How do elements of NC."™(D,) look like?

Fact: Under CK's map, the elements of NCJ(Fm)(Dn) correspond to
those m-divisible non-crossing partitions on the annulus with
{1,2,...,m(n—1),—-1,-2,...,—m(n — 1)} on the outer circle
and {m(n—1)+1,...,mn,—m(n—1) —1,...,—mn} on the
inner circle which are invariant under rotation by 180°, satisfy the
earlier mentioned and non-defined technical constraint, and in
which the predecessor of 1 in its block is a negative element on the
outer circle.

Christian Krattenthaler and Stump



How do elements of NC."™(D,) look like?

_ 13 14 75
i) 1
i1 2
10 3
9 4
8 5
= 18
7 16 17 6
- 17 716
6 18 7

ol

N
wl
=
‘R
©

NI
fun
-

1 12
15 14 13

A positive 3-divisible non-crossing partition of type Dg
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Enumeration in NC;"™(D,)

Theorem

Let m and n be positive integers. The number of positive
m-divisible non-crossing partitions of

{1,2,...,mn,—1,-2,... —mn} of type D equals
2m(n—1)+n—-2/(m+1)(n—1) -1
n n—1 ’

while the number of these partitions of which all blocks have
size m equals

2m(n—1)—n<m(n—1)—1>.

n n—1

REMARK. We did not go to finer levels although this may be
doable.
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A Fundamental Principle of Combinatorial Enumeration

(2004fF)
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A Fundamental Principle of Combinatorial Enumeration

(2004fF)

Every family of combinatorial objects satisfies the

cyclic sieving phenomenon!
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Cyclic sieving (Reiner, Stanton, White)
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Cyclic sieving (Reiner, Stanton, White)

Ingredients:
— a set M of combinatorial objects,
— a cyclic group C = (g) acting on M,

— a polynomial P(q) in g with non-negative integer coefficients.
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Cyclic sieving (Reiner, Stanton, White)

Ingredients:
— a set M of combinatorial objects,
— a cyclic group C = (g) acting on M,

— a polynomial P(q) in g with non-negative integer coefficients.

Definition

The triple (M, C, P) exhibits the cyclic sieving phenomenon if

|Fixu(g?)| = P (e*P/11).

Christian Krattenthaler and Stump



Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
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Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
M= {{1,2},{2,3},{3,4},{1,4},{1,3},{2,4}}

g:j—j+1 (mod4)

P(q) = [2] =1+q+2¢°+¢’+¢*
q
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Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
M= {{1,2},{2,3},{3,4},{1,4},{1,3},{2,4}}

g:j—j+1 (mod4)
P(q) = [2] =1+q+2¢°+¢’+¢*
q

| Fixm(g%)| = 6 = P(1) = P (e%"'o/“) ,
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Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
M= {{1,2},{2,3},{3,4},{1,4},{1,3},{2,4}}

g:j—j+1 (mod4)

P(q) = [2] =1+q+2¢°+¢’+¢*
q

| Fixm(g%)| = 6 = P(1) = P (e%"'o/“) ,

[Fixm(gh)l = 0 = P(i) = P (&¥3/4) |
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Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
M= {{1,2},{2,3},{3,4},{1,4},{1,3},{2,4}}

g:j—j+1 (mod4)

P(q) = [2] =1+q+2¢°+¢’+¢*
q

| Fixp(g%)] = 6 = P(1) (ezm 0/4)
| Fixp(gt)| = 0 = P(i) <e271'1 1/4)
| FiXM(g2)| P( ]_) P ( 2mi- 2/4)

Christian Krattenthaler and Stump



Cyclic sieving (Reiner, Stanton, White)

EXAMPLE:
M= {{1,2},{2,3},{3,4},{1,4},{1,3},{2,4}}

g:j—j+1 (mod4)
4 2 3 4
P(q) = 5 =14+qg+2¢g°+qg°+q
q

0) P(1) = P (27004},

[Fixu(gh)| = 0 = P(7) = P (e273/4),
g) = 2= P(-1) = P (272),
) P(—i) = P (&73/%).



A Fundamental Principle of Combinatorial Enumeration

(2004fF)

Every family of combinatorial objects satisfies the

cyclic sieving phenomenon!
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A Fundamental Principle of Combinatorial Enumeration

(2004fF)

Every family of combinatorial objects satisfies the

cyclic sieving phenomenon!

The positive m-divisible non-crossing partitions satisfy the cyclic
sieving phenomenon.

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing partitions
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by

(wo; wi, ..., Wm)
— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, .. ., Wmn—1).

It generates a cyclic group of order mh.
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by
(wos wi, ..., Wm)
— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, .. ., Wmn—1).

It generates a cyclic group of order mh.
In types A, B and D, this map becomes rotation by one unit.
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by

(wo; wi, ..., Wm)
— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, . . ., Wmn—1).

It generates a cyclic group of order mh.
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by
(WO; Wi, ..., Wm)

— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, . . ., Wmn—1).
It generates a cyclic group of order mh.
Furthermore, let
h+ di]
Cat(’") W; q) [m 9
H [dilq
where [a]q := (1 —g%)/(1 - q).
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by

(WO; Wi, ..., Wm)

— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, . . ., Wmn—1).

It generates a cyclic group of order mh.
Furthermore, let

m 2 [mh+ d;
ot = [[ 7054
i=1 11q

where [a]q := (1 —g%)/(1 - q).
Theorem (with T. W. MULLER)

The triple (NC(™ (W), (K), Cat{™)(W; q)) exhibits the cyclic
sieving phenomenon.
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A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by
(WO; Wi, ..., Wm)

— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, . . ., Wmn—1).
It generates a cyclic group of order mh.
Furthermore, let
h+ di]
Cat(’") W; q) [m 9
H [dilq
where [a]q := (1 —g%)/(1 - q).

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing partitions

Let K : NC(M(W) — NC(™ (W) be the map defined by

(wo; wi, ...y W)

— ((cwmc_l)wo(cwmc_l)_l; Wme ™Y, Wi, wo, . . ., Wmn—1).

It generates a cyclic group of order mh.
Furthermore, let

. 2 [mh+ d;
ot ) = [[ 705
i=1 119

where [a]q := (1 —g%)/(1 - q).
Theorem (with T. W. MULLER)

Let NC(mO(W) denote the subset of NC(™ (W) consisting of
those elements for which wg = id. Then the triple

(NCmO) (W), (K), Catl™ 1 (W; q)) exhibits the cyclic sieving
phenomenon.

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing

partitions?
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A cyclic action for m-divisible non-crossing

partitions?

Bad news:
The map K : NC(M (W) — NC(™)(W) defined by
(wo; wi, ...y Wh)
> ((cwmc_l)wo(cwmc_l)_l; cwme L w,wa, ..., Wm_]_)

does not necessarily map positive m-divisible non-crossing
partitions to positive ones!

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing

partitions?

Bad news:
The map K : NC(M (W) — NC(™)(W) defined by

(wo; wi, ...y Wh)
> ((cwmc_l)wo(cwmc_l)_l; cwme L w,wa, ..., Wm_]_)

does not necessarily map positive m-divisible non-crossing
partitions to positive ones!

Consequently: we have to modify the above action.

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing

partitions?
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A cyclic action for m-divisible non-crossing

partitions?

Let K, : NC(™(W) — NC(™ (W) be the map defined by

(WO; Wi, ..., Wm)
= ((ewf_ywme D wo(ewR_ywme™) 7Y
cw,ﬁ,l Wmcfl, Wi, ..., W,&,,l),

where wm_1 = wh_ wkR | is the factorisation of wy,_1 into its

“left” and its “right” part.

Christian Krattenthaler and Stump



A cyclic action for m-divisible non-crossing

partitions?
Factorisation into “left” and “right” part
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A cyclic action for m-divisible non-crossing

partitions?
Factorisation into “left” and “right” part
Fix a reduced word ¢ = ¢; - - - ¢, for the Coxeter element c.
Define the c-sorting word w(c) for w € W to be the
lexicographically first reduced word for w when written as a
subword of ¢*°.
Let wo(c) = Sk, - - - Sky With N = nh/2 be the c-sorting word of the
longest element w, € W.
The word wo(c) induces a reflection ordering given by

T = {Skl <C Sklskzskl <C sk15k25k35k25k1 <C st
<c Sky -+ Sky_1SkySky_1 - - - 5k1}-

Associate to every element w € NC(W) a reduced T-word T¢(w)
given by the lexicographically first subword of T that is a reduced
T-word for w.

We decompose w as w = wtwR where wF is the part of T¢(w)
within the last n reflections in T.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions
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Cyclic sieving for m-divisible non-crossing

partitions
Let K, : NC(™(W) — NC(™M (W) be the earlier defined map.

Furthermore, let

Cat™(Wig) = [[ [mh +dj = 2]q.
i1 [di]q

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions
Let K, : NC(™(W) — NC(™M (W) be the earlier defined map.

Furthermore, let

n

Cat™ (Wi q) o= [P0 % —2la.
i1 [di]q

The triple (NC\™ (W), (K.), Cat (™ (W; q)) exhibits the cyclic
sieving phenomenon.

Conjecture

Let NCim;O)( W) denote the subset of NCJ(rm)( W) consisting of
those elements for which wg = id. Then the triple
(NCJ(rm;O)(W), (K4), Catgrm_l)(W; q)) exhibits the cyclic sieving
phenomenon.

Christian Krattenthaler and Stump

| A\




Cyclic sieving for m-divisible non-crossing

partitions

24th International Conference on Formal Power Series and
Algebraic Combinatorics, Nagoya, Hotel Lobby, 2012

Christian to Christian: “Willst Du ein weiteres
,Zyklisches-Sieben-Phinomen" beweisen?"!

Christian to Christian: “Sicher. Warum nicht?""?
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Cyclic sieving for m-divisible non-crossing

partitions

24th International Conference on Formal Power Series and
Algebraic Combinatorics, Nagoya, Hotel Lobby, 2012

Christian to Christian: “Willst Du ein weiteres
,Zyklisches-Sieben-Phinomen" beweisen?"!
Christian to Christian: “Sicher. Warum nicht?""?

To actually carry this out turned out to be slightly more involved
than originally anticipated by Christian.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing
partitions

The triple (NC\™ (W), (K.), Cat{™(W; q)) exhibits the cyclic
sieving phenomenon.

| A

Theorem

Let NCJ(rm;O)( W) denote the subset of NCSLm)( W) consisting of
those elements for which wy = id. Then the triple
(NCJ(rm;O)(W), (K4), Cat&m_l)(W; q)) exhibits the cyclic sieving
phenomenon.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing
partitions

The triple (NC\™ (W), (K.), Cat{™(W; q)) exhibits the cyclic
sieving phenomenon.

| A

Theorem

Let NCJ(rm;O)( W) denote the subset of NCSLm)( W) consisting of
those elements for which wy = id. Then the triple
(NCJ(rm;O)(W), (K4), Cat&m_l)(W; q)) exhibits the cyclic sieving
phenomenon.

Our proof is by a careful case-by-case verification. Along the way,
we also prove some finer cyclic sieving phenomena.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

Realisation of the cyclic action in type A,_;
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Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

Realisation of the cyclic action in type A,_;

“In principle,” under Armstrong’s combinatorial realisation, the
map K, becomes rotation by one unit, unless this would produce a
non-positive m-divisible partition.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

Realisation of the cyclic action in type A,_;
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Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

Realisation of the cyclic action in type A,_;

ba+1

a+1
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Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

How do “pseudo-rotationally” invariant elements look like?
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Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

How do “pseudo-rotationally” invariant elements look like?

30
28 29 1

24 6
23 7
22 8

21 9

10
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Cyclic sieving for m-divisible non-crossing
partitions for type A, 1

Theorem

Let m, n,r be positive integers with r > 2 and r | (mn — 2).
Furthermore, let by, bo, ..., b, be non-negative integers. The
number of positive m-divisible non-crossing partitions of

{1,2,..., mn} which are invariant under the r-pseudo-rotation
Kimn*z)/r, the number of non-zero blocks of size mi being rb;,
i=1,2,...,n, the zero block having size ma = mn—mr3 7, jb;,

is given by
<b1+b2+---+bn>< (mn—2)/r )
b17b27"'7bn b1+b2++bn
if by +2by + -+ + nb, < n/r, or if r =2 and
by +2by + -+ nb, = n/2, and 0 otherwise.

REMARK. We do not have results on chain enumeration.
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Cyclic sieving for m-divisible non-crossing
partitions for type A, 1

Theorem

Let C be the cyclic group of pseudo-rotations of an mn-gon
generated by K, .
Then the triple (M, C, P) exhibits the cyclic sieving phenomenon
for the following choices of sets M and polynomials P:
QO M= m(j)(n), and P(q) = = [(’"H)”Q] :
q

= [nlq n—1

@ M consists of all elements of Nfim)(n) the block sizes of

which are all equal to m, and P(q) = ﬁ [",’7”__12](7;

© M consists of all elements of ﬁEim)(n) which have rank s (or,
equivalently, their number of blocks is n — s), and

1 |n mn — 2
o- 1,17,
[n]q sq n—s—lq




Cyclic sieving for m-divisible non-crossing

partitions for type A, 1

Q M consists of all elements of lfV\ESrm)(n) whose number of

blocks of size mi is b;, i =1,2,...,n, and

1 b1+b2+---+bn]
P(q) =
@ [b1+b2+---+bn]q[ bi,ba, ... bn |,

« mn — 2
b1+b2+"'+bn_1 q.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type B,

Realisation of the cyclic action in type B,
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Cyclic sieving for m-divisible non-crossing

partitions for type B,

Realisation of the cyclic action in type B,

“In principle,” under Armstrong's combinatorial realisation, the
map K, becomes rotation by one unit, unless this would produce a
non-positive m-divisible partition.
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Cyclic sieving for m-divisible non-crossing

partitions for type B,

Realisation of the cyclic action in type B,
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Cyclic sieving for m-divisible non-crossing

partitions for type B,

Realisation of the cyclic action in type B,

T2
2
3
g 4 4
7 5 °
6 6 6
5 7 7
4 8 8
9
10
T 12 1
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Cyclic sieving for m-divisible non-crossing

partitions for type B,

How do “pseudo-rotationally” invariant elements look like?
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Cyclic sieving for m-divisible non-crossing

partitions for type B,

How do “pseudo-rotationally” invariant elements look like?

__ 14 15 1
71314 5

9

8 7
7 8
6 9
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Cyclic sieving for m-divisible non-crossing
partitions for type B,

Theorem

Let m,n,a, r be positive integers with r | (mn — 1). Furthermore,
let by, by, ..., b, be non-negative integers. The number of positive
m-divisible non-crossing partitions of
{1,2,...,mn,—1,—-2,...,—mn} of type B which are invariant
under the 2r-pseudo-rotation Kfrmnfl)/r, where the number of
non-zero blocks of size mi is 2rb;, i = 1,2, ..., n, the zero block
having size 2ma = 2mn — 2mr Z}’lebj > 0, is given by

<b1+b2+~-+b,,)< (mn—1)/r )
bi, by, ..., b, by+by+---+b,)

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing
partitions for type B,

Theorem

Let C be the cyclic group of pseudo-rotations of the 2mn-gon
consisting of the elements {1,2,... ,mn,—1,—2,...,—mn}
generated by K, viewed as a group of order 2mn — 2.

Then the triple (M, P, C) exhibits the cyclic sieving phenomenon
for the following choices of sets M and polynomials P:

@ M=NC\"(8,), and P(q) = [(m+n-1] ,;

n

~(m)

@ M consists of the elements of NC, "(B,) all of whose blocks
have size m, and P(q) = [ t] 2

© M consists of all elements of NET)(B,,) which have rank s
(or, equivalently, their number of non-zero blocks is 2(n — s)),
and

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type B,
Q M consists of all elements of NET)( B,) whose number of
non-zero blocks of size mi is 2b;, i = 1,2,...,n, and

_|bi+b+ -+ by mn—1
P(q) = b1, bo,..., by Lz[b1+b2+...+bnq2.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,

“In principle,” under CK's combinatorial realisation, the map K
becomes rotation by one unit (forward on the outer circle,
backward on the inner circle), unless this would produce a
non-positive m-divisible partition.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,

__ 11 12 1
2
3
4
&5
6
7
8
9
10
12 11
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,

[
[y
[y
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,

—=7920 1
—18 2 3
4
5
6
7
8
52237 9
21 AT 10
%32 11
12
13
14
15
16
2 121918
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

Realisation of the cyclic action in type D,

ool

wl
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

How do “pseudo-rotationally” invariant elements look like?
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

How do “pseudo-rotationally” invariant elements look like?
. 1& 15 1
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

How do “pseudo-rotationally” invariant elements look like?
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

How do “pseudo-rotationally” invariant elements look like?

14
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Cyclic sieving for m-divisible non-crossing

partitions for type D,

In this case, we contented ourselves just proving the relevant
enumeration formulae, since things get quite involved. Probably
one can do more if one is braver ...

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for type D,

Let C be the cyclic group of pseudo-rotations of the annulus with
{1,2,...,m(n—1),—-1,-2,...,—m(n — 1)} on the outer circle
and {m(n —1)+1,...,mn, —(m(n —1)+1),...,—mn} on the
inner circle generated by K., viewed as a group of

order 2m(n —1) — 2.

Then the triple (M, P, C) exhibits the cyclic sieving phenomenon
for the following choices of sets M and polynomials P:

0 M=NC"™(D,), and
P(q) = L2min=D+n-2], (m+1)(n—1)—1} ;
q?

[nlq n—1

@ M consists of the elements of ﬁE(f)(Dn) all of whose blocks

have size m, and P(q) = W {m(r:;ll)fl} p
q

Christian Krattenthaler and Stump



Proof method
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Proof method

@ Careful combinatorial decomposition of the non-crossing
objects;
@ generating function calculus;

© Lagrange inversion formula.

Christian Krattenthaler and Stump



Cyclic sieving for m-divisible non-crossing

partitions for the exceptional types

The (positive) m-divisible non-crossing partitions
(wo; Wi, ..., Wn)

for the exceptional types become “sparse” for large m.
This allows one to reduce the occurring enumeration problems to
finite problems.

Christian Krattenthaler and Stump



“Other than that, there do not seem to be enumerative results
known for these families.”

Christian Krattenthaler and Stump



