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Work based on

FC, Rouven Frassek and Cristian Giardinà, Duality for the
multispecies stirring process with open boundaries, 2024 J. Phys. A:
Math. Theor. 57 295001.

Cristian Giardinà and Frank Redig, Duality for Markov processes: a
Lie algebraic approach, 2025+
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Interacting particle system

Continuous time Markov process

Configuration ηptq � pη1ptq, . . . , ηLptqq

Infinitesimal generator L
Examples:

Independent random walker

Simple Symmetric Exclusion Process
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Markov Duality

Why? ”From many to few”. Steady state.

Definition of stochastic duality

Let pηptqqt¥0 a Markov process with state space Ω, and let pξptqqt¥0 be a
Markov process with state space rΩ. We say that the two process are in a
duality relation with duality function D : Ω� rΩ Ñ R if

Eη rDpηptq, ξqs � Eξ rDpη, ξptqqs @η P Ω, @ξ P rΩ
L original generator, Ldual dual generator

pLDp�, ξqq pηq � pLdualDpη, �qqpξq

Lie algebra generators = elementary building blocks L and Ldual.

”Find duality between representations of Lie algebras”
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Abstract duality and properties

g Lie algebra

Pick ρ : g Ñ glpV q. a P g in reps ρ

Pick ρ̂ : g Ñ glpV̂ q. â P g in reps ρ̂ .

a and â duality relation if D D P EndpV b V̂ q such that

pab IV̂ qD � pIV b âqD

Notation: a
D
ÝÑ â.

Properties:

a
D
ÝÑ â, b

D
ÝÑ b̂ then

ra, bs
D
ÝÑ rb̂, âs

New dualities by symmetries: a
D
ÝÑ â and ra,Qs � 0, then a

D1

ÝÑ â
with D 1 � DQ.
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Recipe to construct duality
g Lie algebra

pJi qiPt1,...,nu is reps. Let

L � J1J2 � � � Jm

pKi qiPt1,...,nu conjugate reps; d such that

Ji
d
ÝÑ Ki @i

Dual generator
Ldual � KmKm�1 � � �K1

New duality by symmetry
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Example 1: Wright Fisher-Kingman coalescent
Wright-Fisher

L �
1

2
xp1� xq

d2

dx2

Heisenberg Lie algebra (h, commutators rA,A:s � I )

Af pxq � f 1pxq, A:f pxq � xf pxq : rA,A:s � I

L �
1

2
A:pI � A:qA2

Conjugate Lie algebra

af pnq � nf pn � 1q, a:f pnq � f pn � 1q : ra, a:s � �I

dpx , nq � xn such that

padpx , �qq pnq � pAdp�, nqq pxq
�
a:dpx , �q

�
pnq �

�
A:dp�, nq

�
pxq

Ldual �
1

2
a2pI � a:qa: ñ pLdp�, nqq pxq �

�
Ldualdpx , �q

	
pnq

Kingman-Coalesent.
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Multi-species stirring process

L � Lleft �
L�1̧

x�1

Lx ,x�1 � Lright
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Absorbing dual process

Ldual � Ldual
left �

L�1̧

x�1

Lx ,x�1 � Ldual
right
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Algebraic description
Lie algebra glpNq

Representation λ � p1, 0, . . . , 0q

Space CN : |η1, . . . , ηNy, ηA P t0, 1u and ηN � 1�
°N�1

a�1 ηa
Algebra generator
EA,B |η1, . . . , ηNy � ηB |η1, . . . , ηA � 1, . . . , ηB � 1, . . . , ηNy

Bulk generator (second Casimir!)

Lx ,x�1 �
Ņ

A,B�1

�
E
rxs
A,BE

rx�1s
B,A � E

rxs
B,BE

rx�1s
A,A

	
Boundary generator (left)

Lleft �
Ņ

A,B�1

αA

�
E
r1s
A,B � E

r1s
B,B

	
Duality relation

LTD � DLdual .
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Self-duality for the bulk

take EA,B ñ EB,A is conjugate

d � Id ñ ET
A,Bd � dEB,A

Dual generator

Ldual
x ,x�1 �

¸
A,B

E
rxs
B,AE

rx�1s
A,B � E

rxs
A,AE

rx�1s
B,B

�Lx ,x�1

Lx ,x�1 central ñ Dx � exp
!°N�1

a�1 E
rxs
a,N

)
d

satisfy
LT
x ,x�1DxDx�1 � DxDx�1Ldual

x ,x�1

Self duality with Dbulk �
ÂL

x�1Dx
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Absorbing dual boundaries

D�1
1 LT

leftD1 �
N�1̧

a�1

�
αaE

r1s
N,a � E

r1s
a,a

	
Add extra-site bosonic operator and construct

Ldual
left �

Ņ

a�1

��
a
r0s
a

	:
E
r1s
N,a � E

r1s
a,a



define extra-site intertwiner D0 such that

LT
leftD0D1 � D0D1Ldual

left

Duality matrix
D � D0 b Dbulk bDL�1
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Exact solution

Integrable model (XXX-quantum chain, extra Yang-Baxter symmetry).

Duality: triangularize the generator

Matrix product ansatz (MPA) for the non-equilibrium steady state,
i.e. solution to H|Ψy � 0

Combining duality with MPA ñ exact formulas for |Ψy
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Currently: non-compact processes

Boundary driven multi-species harmonic process and integrable heat
conduction process (IHC)

Infinite dimensional representations of glpNq

Non-trivial symmetries: H is not the Casimir, but a non-linear
function of it.

Self duality harmonic.

Duality between harmonic and IHC

Exact solvability:
� Physics: Yang-Baxter symmetries, Bethe ansatz solutions
� Markov processes: Hidden parameter model, propagation of invariant
measures

Kardar-Parisi-Zhang?
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Summary and open questions

Summary

Markov duality: study observable via a dual (simpler) process.

Duality produced via Lie algebra reps

Contributions:
� Combine duality and integrable systems to non-equilibrium steady state
� Extend results to colored processes

Open question?

Asymmetric non-compact boundary driven processes

Mapping non-eq onto eq

Thank you for your attention
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Appendix

Dpn, ξq �

�
N�1¹
a�1

α
ξ0a
a

��
L¹

x�1

N�1¹
a�1

1tnxa¥ξxa u

��
N�1¹
a�1

βξL�1
a

a

�

|Ψy �
1

ZL
xxW |

���X1
...

XN

��
b . . .b

���X1
...

XN

��
|V yy
λ � pν, 0, . . . , 0q

Dpn, ξq �

�
N�1¹
a�1

pαx
aq

ξ0a

�
L¹

x�1

�
pν �

°N�1
a�1 ξxa q!

ν!

N�1¹
a�1

nxa !

pnxa � ξxa q!

��
N�1¹
a�1

pβx
a q

ξL�1
a

�
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