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Work based on

@ FC, Rouven Frassek and Cristian Giardina, Duality for the
multispecies stirring process with open boundaries, 2024 J. Phys. A:
Math. Theor. 57 295001.

@ Cristian Giardina and Frank Redig, Duality for Markov processes: a
Lie algebraic approach, 2025+
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Interacting particle system

@ Continuous time Markov process
e Configuration n(t) = (n1(t),...,n.(t))
@ Infinitesimal generator £
Examples:
@ Independent random walker

@ Simple Symmetric Exclusion Process
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Markov Duality

Why? "From many to few". Steady state.

Definition of stochastic duality

Let (1(t))e=0 @ Markov process with state space €2, and let (£(t)):=0 be a
Markov process with state space 2. We say that the two process are in a
duality relation with duality function D : Q2 x Q — R if

E"[D(n(t),&)] = ES[D(n,(B))]  ¥neQ, Vel

L original generator, £94" dual generator

(L£D(-€)) (n) = (£4'D(n,))(€)
Lie algebra generators = elementary building blocks £ and £d9ua!.

"Find duality between representations of Lie algebras”
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Abstract duality and properties

@ g Lie algebra
@ Pick p:g—gl(V). aeginreps p

@ Pick p:g—gl(V). deginreps p.
a and 4 duality relation if 3 D € End(V @ V) such that

(a®l\7)D = (/\/ ®§)D

Notation: a 2 4.
Properties:
o a2 35 b2 b then
[a, b] 2 [b, 3]
e New dualities by symmetries: a D, 5and [a, Q] =0, then a LA
with D' = DQ.
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Recipe to construct duality
g Lie algebra
® (Ji)ieq, .n is reps. Let

L=hbhdn
o (Ki)ief1,..,ny conjugate reps; d such that
5L K Vi

@ Dual generator
Edual K Km 1 Kl

o New duality by symmetry

Abstract genera\:or

/\

Le——r"

Original generator Dual generator
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Example 1: Wright Fisher-Kingman coalescent
Wright-Fisher
1 d?
L= EX(l — X) 72
Heisenberg Lie algebra (b, commutators [A, AT] = /)

Af(x) = fl(x), Alf(x) =xf(x) : [AAT]=1

L= %AT(I — AN A2
Conjugate Lie algebra
af(n) = nf(n—1), a'f(n)=~f(n+1) : [a,a]=—I
d(x, n) = x" such that

(ad(x, ) (n) = (Ad(-,m) (x)  (a'd(x,")) (n) = (ATd(-,n)) (x)

1
i = 220 —ahat = (Ld(m) () = (£4d(x,)) (n)
Kingman-Coalesent.




Multi-species stirring process

Rate 1
= Y Y P
| | | | | | |
] | I | | | | |
r—1 x x+1
Q Empty species B Species 1 A Species 2
L-1
L= Lt + Y| Laxs1 + Lrignt
x=1
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Absorbing dual process

Rate 1 Rate 1 Rate 1 A
A
O A R A N

| | |
| \ \ \ \ |
1 » 2+1 L L+1

ol}bb
- H
%

x
Q Empty species . Species 1 A Species 2
L-1
| | |
Edua f:lalijrf + Z Ly x+1 T Eﬂ;it
x=1
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Algebraic description
@ Lie algebra g/(N)
@ Representation A = (1,0,...,0)
o Space CN : |n1,...,nn), na€{0,1} and ny =1 — Z"av;ll Ma
o Algebra generator
EA,B|7717~-777N> = 775|T]1,...,77A +1,...,m8 — 1,...,?7N>
Bulk generator (second Casimir!)

N
X x+1 x| ~[x+1]
Laxi1= Y, (E;[\,LEI[S,A - Ef[s,]BEA,A )
AB=1

Boundary generator (left)

N
Lieft = 2 aa (E;[\l,]B - E,[g{]B)
A,B=1
Duality relation
[:TD _ Dﬁdual )
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Self-duality for the bulk

o take Eq g = Ep A is conjugate
°od=Id= Ejpd=dEga

@ Dual generator

ua x+1] X x+1
ool = ZEBAE[ — EphEg "

:Ex,x—t-l

® Ly 41 central = D, = exp {ZN 1 EH,}d

satisfy
L] 11DxDxp1 = DDy L3524
Self duality with Dy = @%_; Dy
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Absorbing dual boundaries

DLl Dy = Z (aaE,E,l’]a — Ea[la])

a=1
Add extra-site bosonic operator and construct
u o\ -1 1
et = . ((a)" el - 1)
a=1

define extra-site intertwiner Dy such that
T dual
Ly DoD1 = Do D1 Ligg

Duality matrix
D = Do @ Dpuik ® D11
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Exact solution

Integrable model (XXX-quantum chain, extra Yang-Baxter symmetry).
@ Duality: triangularize the generator

e Matrix product ansatz (MPA) for the non-equilibrium steady state,
i.e. solution to H|V) =0

e Combining duality with MPA = exact formulas for |V
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Currently: non-compact processes

Boundary driven multi-species harmonic process and integrable heat
conduction process (IHC)

@ Infinite dimensional representations of g/(/N)

@ Non-trivial symmetries: H is not the Casimir, but a non-linear
function of it.

Self duality harmonic.

Duality between harmonic and IHC
o Exact solvability:

» Physics: Yang-Baxter symmetries, Bethe ansatz solutions
» Markov processes: Hidden parameter model, propagation of invariant
measures

Kardar-Parisi-Zhang?
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Summary and open questions

Summary
e Markov duality: study observable via a dual (simpler) process.

@ Duality produced via Lie algebra reps
o Contributions:

» Combine duality and integrable systems to non-equilibrium steady state
» Extend results to colored processes

Open question?
@ Asymmetric non-compact boundary driven processes

@ Mapping non-eq onto eq

Thank you for your attention
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Appendix

a=1 x=1a=1 a=1
1 Xq Xi
V) = Z W] ®...0 : |IV)
Xy Xy
A= (v,0,...,0)
D(n.&) - (h (a;)f°) ﬁl <(”‘Z;N!11 Wﬁ: = 5),> (hl (B?)EL“)
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