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Introduction

Ferrers diagram and hooks of partitions

(4,3,3,2) € P

A=4+3+3+2=12
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(4,3,3,2) ¢ P contents of
(4,3,3,2) e P

@ H() := {hook-lengths}
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(4,3,3,2) e P

@ H(\) := {hook-lengths}
o for n € N*, Hn(N) :={h € H(A) | h=0 (mod n)}
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(4,3,3,2) ¢ P residues mod 3 of
(4,3,3,2) e P

o H(A) := {hook-lengths}
o for n € N*, Ho(A) :={h e H(N\) | h=0 (mod n)}
o \e P(n) — Hn(/\) =
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where (3; q)o == (1 — a)(1 — ag)(1 — ag?) - - -
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where (2; ¢)s == (1 — a)(1 — aq)(1 — ag?) - - -
Note z = n € N* = \ are n-cores.
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s ST <h;z> <h—li;z> (g g

AEP heH(X)

Introduction

where (2; ¢)s == (1 — a)(1 — aq)(1 — ag?) - - -
Note z =n € N* = X\ are n-cores.
Outline of Han's proof:

@ specialization of Macdonald identity in type Af,l_)l for any
odd n

@ lift the equality to any complex z by a polynomiality
argument



Weyl denominator formula

Affine
Grassmannian
elements,
Macdonald
identities and
hook length
formulae

For B=(f1,...,Bn) € N, set xP = xI . xfr

Z\;i\lgminator H (X[ - )(J) == det(Xln_J) = Z g(U)XJ(p)

formulae 1§’<j§” O'GSn

with p=(n—1,n—-2,...,1,0)
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[T Go—x)=det(" ) = 3 e(o)x®
Wey! 1<i<j<n o€S,

denominator

formula with p=(n—1,n—2,...,1,0)

E= @7:1 Ré‘,’

Sy @ subgroup of GL(E) generated by reflections
si,i=1,...,n—1 through the hyperplanes (Ra,-)J- where
Qj = &i = Eit1-
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formulae H (XI _ )(J) — det(X’n_J) — Z 8(O.)><O'(p)
1<i<j<n oS,

Weyl with p=(n—1,n—2,...,1,0)

ool = D, R,

Sp ¢ subgroup of GL(E) generated by reflections

si,i =1,...,n— 1 through the hyperplanes (Ra;)* where
O =Ej — Ej41.

0s?=1
o sis; =sjsi, |i—j| >1

@ SiSj+1S; = Si+1SiSi+1
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Sp @ subgroup of GL(E) generated by reflections

si,i =1,...,n — 1 through the hyperplanes (Ra;)* where
Qjf =Ej — Ej41-

Reflections in S, are those of hyperplanes (Ra)* where
a=c¢ci—¢gand 1 <i<j<n



Weyl denominator formula

Affine
Grassmannian
elements,
Macdonald For 8= (B1,---, ) € N", set x” = xfl X
identities and
hook length

formulae H (X[ _ )9) — det(Xlni.l) — Z E(U)Xa(p)
1<i<j<n o€S,
Z\;i\lgminator Wlth p= (n_ 17n_27”.7170)
formulae E = @ln:l RE,

Sp @ subgroup of GL(E) generated by reflections

si,i =1,...,n — 1 through the hyperplanes (Ra;)* where
Qf = Ej —Ej41-

Reflections in S, are those of hyperplanes (Ra)* where
a=c¢ci—¢gand1<i<j<n

Say (Xl, X2, X3) = (X2, X1, X3)



Weyl denominator formula

,Bn) € N set xP :xfl...x,?"

Affine For 8= (f1,...

Grassmannian
elements,

B [T (=) =det(x"7) =3 e(o)x™
h(;ok Ielngth 1§I<J§n €S,
with p=(n—1,n—2,...,1,0)
wa Sp @ subgroup of GL(E) generated by reflections
formulae si,i =1,...,n — 1 through the hyperplanes (Ra;)* where

Qf =Ej —Ej41.

Reflections in S, are those of hyperplanes (Ra
a=c¢ci—¢gjand 1 <i<j<n

Set R+:{6i—€j,1§i<j§n}

)+ where

H (1 — X') = H (1—-e ™= Z E(O‘)XU(p)_p

.. X
1<i<j<n J acERt oES,
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Macdonald (1972): analogues of Weyl denominator formula for
weyl affine root systems

formulae reformulation by Stanton (1989), Rosengren—Schlosser (2006)
for the 7 infinite affine types
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Wey! affine root systems

Bl reformulation by Stanton (1989), Rosengren—Schlosser (2006)
for the 7 infinite afFine(lt)ypes

n

In particular in type A —cig=e?
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S gl m ey (Xinmmfl)
mez” 1sijsn
M+ +mp=0

= (@it T xi/xi9) (a%/%i5 9)
1<i<j<n
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s Lot reformulation by Stanton (1989), Rosengren—Schlosser (2006)
for the 7 infinite affine types

In particular in type Af,ljl: xi=e S g=e"
Weyl Divide by positive roots of A,_1: Vandermonde determinant

ER Garvan—Kim-Stanton (1990):
w € P(ny < (no, ..., np-1) € Z" such that St n; = 0.

3 (—1)Prlglels, (x) HX*/»’(W

wEP(n)

= (@)L TI (@x/x: ) (@%/% 9)s

1<i<j<n
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Macdonald (1972): analogues of Weyl denominator formula for
affine root systems

e or reformulation by Stanton (1989), Rosengren—Schlosser (2006)
formulae for the 7 infinite affine types

In particular in type AE,I_)l: xXi=e fqg=e"
Question: what is the uniform object in all types 7

)
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S, is the subgroup of n-periodic permutations generated by

weyl m+1lifm=i (mod n)
denominator

formulae 5,(m) — m — 1 |f m = [—|— 1 (mod n)

m otherwise
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m+1lifm=i (mod n)
siim)=<m—-1ifm=i+1 (mod n)

Weyl m otherwise
denominator
formulae

g,, = <So, S1,... ,S,,,1>
s2=1
Si+1S5iSi+1 = SiSi+1Si
sisj=s;jsi for i —j#0,1,n—1 (mod n)
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The reflections in 5, are the elements of type

wsiw L, weS,i=0,...,n—1
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k>0ifi<j

jj ithl<i i < n with
() with 1< 77 j < nwi {k<0ifi>j

such that (ij)«(i) = j + kn, (ij)k(j) =i — kn
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Si+15iSi+1 = SiSi+1Si
Weyl sisj=sjs;i for i —j#0,1,n—1 (mod n)
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Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

0|1
2

N O
N Ol =N

O =N O
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01201
210|112
112|101
0|12

2

(mod n)

Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

2 0|1|

2

I\D‘OHI\JO

HIN|O| =
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= <So7 S1,..- ,Sn_1>
s2=1
Weyl

denominator Si+1 5i5i+1 — 5i5i+15i

formulae

sisj=sjs; for i —j#0,1,n—1 (mod n)

Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

ceg,,/S,,HwEP(,,):Sn-OJ
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Affine root system and hook length formulae

Theorem [Dehaye-Han (2011),W.(2025+),Lecouvey-W.(2025)]

Set n € N and let 7 be a function defined over Z.
Then 3 ¢, 1 w € Py = (vo,- -+, vn—1) Vu-coding such that:

12, n2-1
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Affine root system and hook length formulae

Theorem [Dehaye-Han (2011),W.(2025+),Lecouvey-W.(2025)]

Set n € N and let 7 be a function defined over Z.
Then 3 ¢, 1 w € Py = (vo,- -+, vn—1) Vu-coding such that:

12, n2-1

and for fj(w) = #{h € H(w)/h=n—i}:
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[l Set n € N and let 7 be a function defined over Z.

formulae Then El d)n ‘W E P(n) s (V07 oo g anl) Vn—coding SUCh that:
1 n—1 ) 1
jwl =2 ; Vi —

and for fj(w) = #{h € H(w)/h=n—i}:
7(h— n)7(h+ n)
,,El;[(w) 7(h)  7(h)

=L (—i)\ P T(vi — v
SIC=OR T =

0<i<j<n—1

n2

Weyl 24
denominator

formulae
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(2011),W.(2025+),Lecouvey-W.(2025+)]
il Set n € N and let 7 be a function defined over Z.
Then 3 ¢, : w € Py = (vo, -+, Vn—1) Vi-coding such that:

12, -1
Weyl ‘w’:*ZVi -
2n — 24

denominator
formulae

and for fj(w) = #{h € H(w)/h=n—i}:

n-1 —i ,B,-(w) V,'*VJ'
:E{(T) Il 5=

0<i<j<n—1
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Uniform formulation for all types :

" SCLI (h_z/),gh*Z): M -9

denominator AES hEHX(/\) (XGR;\R+

formulae

Thank you !
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