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Ferrers diagram and hooks of partitions

(4, 3, 3, 2) ∈ P

|λ| = 4 + 3 + 3 + 2 = 12
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Ferrers diagram and hooks of partitions

6

(4, 3, 3, 2) ∈ P
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Ferrers diagram and hooks of partitions

7 6 4 1
5 4 2
4 3 1
2 1

(4, 3, 3, 2) ∈ P

0 1 2 3
−1 0 1
−2 −1 0
−3 −2

contents of
(4, 3, 3, 2) ∈ P

H(λ) := {hook-lengths}
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Ferrers diagram and hooks of partitions

7 6 4 1
5 4 2
4 3 1
2 1 H3

(4, 3, 3, 2) ∈ P

H(λ) := {hook-lengths}
for n ∈ N∗, Hn(λ) := {h ∈ H(λ) | h ≡ 0 (mod n)}
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Ferrers diagram and hooks of partitions

7 6 4 1
5 4 2
4 3 1
2 1 H3

(4, 3, 3, 2) ∈ P

0 1 2 0
2 0 1
1 2 0
0 1

residues mod 3 of
(4, 3, 3, 2) ∈ P

H(λ) := {hook-lengths}
for n ∈ N∗, Hn(λ) := {h ∈ H(λ) | h ≡ 0 (mod n)}
λ ∈ P(n) ⇐⇒ Hn(λ) = ∅
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The Nekrasov–Okounkov formula in type A

Nekrasov–Okounkov (2006), Westbury (2006), Han (2008)

∑
λ∈P

q|λ| ∏
h∈H(λ)

(h − z
h

)(h + z
h

)
= (q; q)z2−1

∞

where (a; q)∞ := (1− a)(1− aq)(1− aq2) · · ·

Note z = n ∈ N∗ ⇒ λ are n-cores.
Outline of Han’s proof:

specialization of Macdonald identity in type A(1)
n−1 for any

odd n
lift the equality to any complex z by a polynomiality
argument
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The Nekrasov–Okounkov formula in type A

Nekrasov–Okounkov (2006), Westbury (2006), Han (2008)

∑
λ∈P

q|λ| ∏
h∈H(λ)

(h − z
h

)(h + z
h

)
= (q; q)z2−1
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where (a; q)∞ := (1− a)(1− aq)(1− aq2) · · ·
Note z = n ∈ N∗ ⇒ λ are n-cores.
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specialization of Macdonald identity in type A(1)

n−1 for any
odd n
lift the equality to any complex z by a polynomiality
argument
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The Nekrasov–Okounkov formula in type A

Nekrasov–Okounkov (2006), Westbury (2006), Han (2008)

∑
λ∈P

q|λ| ∏
h∈H(λ)

(h − z
h

)(h + z
h

)
= (q; q)z2−1

∞

where (a; q)∞ := (1− a)(1− aq)(1− aq2) · · ·
Note z = n ∈ N∗ ⇒ λ are n-cores.
Outline of Han’s proof:

specialization of Macdonald identity in type A(1)
n−1 for any

odd n
lift the equality to any complex z by a polynomiality
argument
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
E =

⊕n
i=1 Rεi

Sn : subgroup of GL(E ) generated by reflections
si , i = 1, . . . , n − 1 through the hyperplanes (Rαi)⊥ where
αi = εi − εi+1.
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
E =

⊕n
i=1 Rεi

Sn : subgroup of GL(E ) generated by reflections
si , i = 1, . . . , n − 1 through the hyperplanes (Rαi)⊥ where
αi = εi − εi+1.

s2
i = 1

sisj = sjsi , |i − j | > 1
sisi+1si = si+1sisi+1
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
E =

⊕n
i=1 Rεi

Sn : subgroup of GL(E ) generated by reflections
si , i = 1, . . . , n − 1 through the hyperplanes (Rαi)⊥ where
αi = εi − εi+1.
Reflections in Sn are those of hyperplanes (Rα)⊥ where
α = εi − εj and 1 ≤ i < j ≤ n.
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
E =

⊕n
i=1 Rεi

Sn : subgroup of GL(E ) generated by reflections
si , i = 1, . . . , n − 1 through the hyperplanes (Rαi)⊥ where
αi = εi − εi+1.
Reflections in Sn are those of hyperplanes (Rα)⊥ where
α = εi − εj and 1 ≤ i < j ≤ n.
sα1(x1, x2, x3) = (x2, x1, x3)
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Weyl denominator formula

For β = (β1, . . . , βn) ∈ Nn, set xβ = xβ1
1 . . . xβn

n∏
1≤i<j≤n

(xi − xj) = det(xn−j
i ) =

∑
σ∈Sn

ε(σ)xσ(ρ)

with ρ = (n − 1, n − 2, . . . , 1, 0)
E =

⊕n
i=1 Rεi

Sn : subgroup of GL(E ) generated by reflections
si , i = 1, . . . , n − 1 through the hyperplanes (Rαi)⊥ where
αi = εi − εi+1.
Reflections in Sn are those of hyperplanes (Rα)⊥ where
α = εi − εj and 1 ≤ i < j ≤ n.
Set R+ = {εi − εj , 1 ≤ i < j ≤ n}

∏
1≤i<j≤n

(
1− xi

xj

)
=

∏
α∈R+

(1− e−α) =
∑

σ∈Sn

ε(σ)xσ(ρ)−ρ
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Macdonald identity

Macdonald (1972): analogues of Weyl denominator formula for
affine root systems
reformulation by Stanton (1989), Rosengren–Schlosser (2006)
for the 7 infinite affine types
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Macdonald identity

Macdonald (1972): analogues of Weyl denominator formula for
affine root systems
reformulation by Stanton (1989), Rosengren–Schlosser (2006)
for the 7 infinite affine types
In particular in type A(1)

n−1: xi = e−εi ,q = e−δ
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Macdonald identity

Macdonald (1972): analogues of Weyl denominator formula for
affine root systems
reformulation by Stanton (1989), Rosengren–Schlosser (2006)
for the 7 infinite affine types
In particular in type A(1)

n−1: xi = e−εi ,q = e−δ

∑
m∈Zn

m1+···+mn=0

qn∥m∥2/2+
∑n

i=1(i−1)mi det
1≤i ,j≤n

(
xnmj +j−1

i

)

= (q; q)n−1
∞

∏
1≤i<j≤n

(xi/xj ; q)∞ (qxj/xi ; q)∞
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Macdonald identity

Macdonald (1972): analogues of Weyl denominator formula for
affine root systems
reformulation by Stanton (1989), Rosengren–Schlosser (2006)
for the 7 infinite affine types
In particular in type A(1)

n−1: xi = e−εi ,q = e−δ

Divide by positive roots of An−1: Vandermonde determinant
Garvan–Kim–Stanton (1990):
ω ∈ P(n) ←→ (n0, . . . , nn−1) ∈ Zn such that

∑n−1
i=0 ni = 0.

∑
ω∈P(n)

(−1)|H<n|q|ω|sµ(x)
n∏

i=1
x−ℓ(ω)

i

= (q; q)n−1
∞

∏
1≤i<j≤n

(qxi/xj ; q)∞ (qxj/xi ; q)∞
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Macdonald identity

Macdonald (1972): analogues of Weyl denominator formula for
affine root systems
reformulation by Stanton (1989), Rosengren–Schlosser (2006)
for the 7 infinite affine types
In particular in type A(1)

n−1: xi = e−εi ,q = e−δ

Question: what is the uniform object in all types ?
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The affine symmetric group S̃n

S̃n is the subgroup of n-periodic permutations generated by

si(m) =


m + 1 if m ≡ i (mod n)
m − 1 if m ≡ i + 1 (mod n)
m otherwise
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The affine symmetric group S̃n

S̃n is the subgroup of n-periodic permutations generated by

si(m) =


m + 1 if m ≡ i (mod n)
m − 1 if m ≡ i + 1 (mod n)
m otherwise

S̃n = ⟨s0, s1, . . . , sn−1⟩
s2
i = 1

si+1sisi+1 = sisi+1si

sisj = sjsi for i − j ̸≡ 0, 1, n − 1 (mod n)
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The affine symmetric group S̃n

S̃n is the subgroup of n-periodic permutations generated by

si(m) =


m + 1 if m ≡ i (mod n)
m − 1 if m ≡ i + 1 (mod n)
m otherwise

The reflections in S̃n are the elements of type

wsiw−1, w ∈ S̃n, i = 0, . . . , n − 1
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The affine symmetric group S̃n

The reflections in S̃n are the elements of type

wsiw−1, w ∈ S̃n, i = 0, . . . , n − 1

(ij)k with 1 ≤ i ̸= j ≤ n with
{

k ≥ 0 if i < j
k < 0 if i > j

such that (ij)k(i) = j + kn, (ij)k(j) = i − kn
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Action of S̃n on P

S̃n = ⟨s0, s1, . . . , sn−1⟩
s2
i = 1

si+1sisi+1 = sisi+1si

sisj = sjsi for i − j ̸≡ 0, 1, n − 1 (mod n)

Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

0 1 2 0 1
2 0 1 2
1 2 0
0 1 2
2
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Action of S̃n on P

S̃n = ⟨s0, s1, . . . , sn−1⟩
s2
i = 1

si+1sisi+1 = sisi+1si

sisj = sjsi for i − j ̸≡ 0, 1, n − 1 (mod n)

Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

0 1 2 0 1
2 0 1 2
1 2 0 1
0 1 2
2

s1−→
0 1 2 0 1
2 0 1 2
1 2 0
0 1
2
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Action of S̃n on P

S̃n = ⟨s0, s1, . . . , sn−1⟩
s2
i = 1

si+1sisi+1 = sisi+1si

sisj = sjsi for i − j ̸≡ 0, 1, n − 1 (mod n)

Lam, Lapointe, Morse,Schilling, Shimozono, Zabrocki

c ∈ S̃n/Sn ←→ ω ∈ P(n) = S̃n · ∅
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Affine root system and hook length formulae

Theorem [Dehaye–Han (2011),W.(2025+),Lecouvey-W.(2025)]
Set n ∈ N and let τ be a function defined over Z.
Then ∃ ϕn : ω ∈ P(n) 7→ (v0, · · · , vn−1) Vn-coding such that:

|ω| = 1
2n

n−1∑
i=0

v2
i −

n2 − 1
24

and for βi(ω) = #{h ∈ H(ω)/h = n − i}:∏
h∈H(ω)

τ(h − n)
τ(h)

τ(h + n)
τ(h)

=
n−1∏
i=1

(
τ(−i)
τ(i)

)βi (ω) ∏
0≤i<j≤n−1

τ(vi − vj)
τ(i − j) .
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Set n ∈ N and let τ be a function defined over Z.
Then ∃ ϕn : ω ∈ P(n) 7→ (v0, · · · , vn−1) Vn-coding such that:

|ω| = 1
2n
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v2
i −

n2 − 1
24
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Affine root system and hook length formulae

Theorem [Dehaye–Han (2011),W.(2025+),Lecouvey-W.(2025)]
Set n ∈ N and let τ be a function defined over Z.
Then ∃ ϕn : ω ∈ P(n) 7→ (v0, · · · , vn−1) Vn-coding such that:

|ω| = 1
2n

n−1∑
i=0

v2
i −

n2 − 1
24

and for βi(ω) = #{h ∈ H(ω)/h = n − i}:∏
h∈H(ω)

τ(h − n)
τ(h)

τ(h + n)
τ(h)

=
n−1∏
i=1

(
τ(−i)
τ(i)

)βi (ω) ∏
0≤i<j≤n−1

τ(vi − vj)
τ(i − j) .
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Affine root system and hook length formulae

Theorem [Dehaye–Han
(2011),W.(2025+),Lecouvey-W.(2025+)]
Set n ∈ N and let τ be a function defined over Z.
Then ∃ ϕn : ω ∈ P(n) 7→ (v0, · · · , vn−1) Vn-coding such that:

|ω| = 1
2n

n−1∑
i=0

v2
i −

n2 − 1
24

and for βi(ω) = #{h ∈ H(ω)/h = n − i}:

∏
h∈H(ω)

(h − n)
h

(h + n)
h

=
n−1∏
i=1

(−i
i

)βi (ω) ∏
0≤i<j≤n−1

vi − vj
i − j .
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A uniform Nekrasov–Okounkov formula

Uniform formulation for all types :

∑
λ∈S

q|λ| ∏
h∈HX (λ)

(h − z)(h + z)
h2 =

∏
α∈R+

a \R+

(1− e−α)

Thank you !
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