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Wis a Coxeter system l W IN length function
R 2 q q

The Heck algebra is the algebra H over R with

basis Tw we W and relations

TwTs
Tws if llws llw

Tws f g g Tw if elws cllw

Bar involution g g on R extends to H

FawTw Ʃ at Twi



Team Kazhdan Lusztig 79 There exists a unique

basis Cw wew of H such that

E Cw

Cw Tw In Pawa To

where Pow g 1 g 2 9
1

Cw wew is the KL basis

Pow g are the KL polynomials



LEE Simplified mult table Coicy Ʃ hayz Cz

Y e s ts t st sts

e
e s ts t st sts

S s s s sts st st sts

St st sists sists st stists sts

t t ts ts t tists sts

ts
ts ts ts sts t sts tists sts

sts sts sts sts sts sts Sts



Left Kazhdan Lusztig cells

Tts Et st
x
Y

e e s ts t st sts

S s s s sts st st sts

st st sists sists st stists sts

t t ts ts t tists sts

ts ts ts ts sts t sts tists sts

sts sts sts sts sts sts Sts

is a left cell no 151 dim rep of H



Left cells
Y e s ts t st sts

e e s ts t st sts

S S S S sts st st sts

St st sists sists st stists sts

JE t t ts ts t tists sts

ts ts ts ts sts t sts tists sts

sts sts sts sts sts sts sts
e s t stits sts

Two sided cells



Cell decomposition affine rank 2 Lustig

Remark There is a generalisation of KL theory
to unequal parameters In this case the

theory is less developed the geometric interpretation

of equal parameter case not available



Example 2 with parameters 111 J Guilhot

8 2 8 2 27 9 3 8 3

32 831 8 1 8 1

we now return to the Az example



Lustig's a function a Z max deghay a yeW
Y e s ts t st sts

e I 5 I E SE sts

s 5 5 sts St St St's

St St sists sist's s't stists sts

t E Es t's fists st's

ts Es t's ts st's E sts tists Sts

Sts sts st's Sts st's Sts Sts

91st max 0,1 1



Y e s ts t st sts

e I 5 I E SE sts

s 5 5 sts St St St's

St St sists sist's s't stists sts

t E Es t's Eists st's

ts Es ts ts st's E sts tists Sts

Sts Sts st's Sts st's Sts Sts

a e 0 a s a f alst acts 1 a sts 3

Fact a function is constant on two sided cells



Define Kay z t 2 possibly zero by

hoc y z 9 Yo y z lower degree

Lusztig's asymptoticalgebra is 2 algebra

1 P 2 span Tw new

with multiplication

Ex Ey Ʃ Yo y z ᵗZ

It is a deep fact that He is an associative algebra

making use of geometic interpret fKE theory



xd te Ts Ets Et Est Ets

te te O O O O O

Is 0 Is 0 0 Est O

Ist O O Es Est O O

E O O Its Et 0 0

Tts 0 Its 0 0 te 0

Ests O O O O O Ests

HO I Matz 2 Z



we have H H Is tells
TEA

Constructing H extremely difficult Requires

detailed understanding of cell decamp veryfew
cases

where this
calculation of a function level ofdetail

is known
understanding Xyz coefficients

In general parameters only conjectural Lusatis
that Ho is an associative algebra

New techniques are required



Lasymphalgebratypethther
Shi and Lusztig

two sided cells partitionsof n unpotentconj
classes Glnt 4

Δ 7 Us Jordan

Theorem Xi 2002 For 7 71,72 E A

H Matn n Rep Fa N

where F maximal reductive subgroup of the
centraliser us in Ghn C



Xi's proof uses detailed description of cells Shi

along with intricate calculations in H

Another approach Kim Pylyavskyy 2023

to 4 has been given via affine matrix

ball construction affine RSK

These approaches are both specific to type A

The purpose of this talk is to outline a

new approach to constructing H in An that

is adaptable to other types and also

to unequal parameters



In our approach

Rep Fx arises combinatorially via Schorfunctions
The fundamentaltalione is central to the

technique and is constructed combinatorially
using 1 foldedale paths an analogue of
Ram's alcove paths and Littelmann Path Model

Required information on cells KL theory is

minimised we obtain new description of cells
in type In



Emaryof at.gsmr

We construct a family tasen of mature presentations
which form a balancesystodrepresentations

This implies that leadingmatrices

HI topdegree slice of matrices Tx Tw

We develop a combinatorial formula for the matrix
entries of IT Tw non combined with other

ingredients gives explicit description of
leading matrices hence HT



ÉIoaH

afffffi.is
folios

i Ja in green

For IF 1 let IT Ind 4 where

generic 1 dim rep of J Levi subalgebra L

defined over a polynomial ring R Z

We fix a natural basis making it a matux representation

Tw Matn n R Z



Klingpropertyl
Theorems killingproperty

Tx Cw o
whenever w is in a lower

or incomparable cell to Δ

Essentially says that it realises the quotienting
process killing lower cells



ÉropertyddnP
write deg IT Tw for maximal degree in g

of matrix entries of IT Tw

Theorems Boundedness For XE 1 we have

deg T Tw l war we W

Consequence We define leading matrices

Ca w Tw
qt

Hence C w Matna N Z Zs



Recognsingas
Our representations recognise two sided cells

Theorems Recognising cells For DE 1 we have

Δ we W deg Tx Tw Rwy

The direction

deg T Tw Aw we Δ

is relatively straight forward
The reverse implication is more subtle

asymptotic Planchevel formula



Laksingtheasymphalgebile
A consequence of the above is

Them Representationof HT For TEA we have

H c w WED Ew Ccw

Thus it is realised as a subalgebra of
Matn.in Z Z

We must now explicitly compute the leadingmatrices



Lengthengmatisfeminia

I root systemtype An
Q coroot lattice

P coweight lattice
go

Wo Snt Weylgp
or w

W PXWo extended

affine Weyl group
to fundamental alcove

Hyperplanes Ha k EI Ke Z



For TEA let IT

A xeR 1 0 x xe

the fundamental 7 alcove

Example 72

7 1



Example 3

7 Lower walls Upperwalls A

1 14 Hano Hazio Hasio Hatata Ao Ffe

Hano Hano Hata tubes

It Hano Haso Ha Ha IF
layerII Hano Hail

i 1R
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Let Q 2 span I

T P Q

G acts on Ty

T ᵗ dominant weights

R Z R T

FI G e and T tintz 24 2 0 Z

Eff G A and T t tz 2 2 2 0



LforforITIImbinatorialma

Theorem Path Formula

as Tw an
Ʃ Egg g gfeel z

wt p

pe P w̅ a u

all 7 folded alcove
P w̅ u v paths of type w̅

starting u end o

wt p Ty weight

gf
E f folds of p Eii

b p bounces of p



Lngc.cnaiculat

Let Tx left cell of Δ containing Wy
Then Bnp my re Tat

Theory Leadingmatrices For 8 Tat
c my 58 Z E

where s z 2 z is a Go Schur function
The proof consists of 3 main parts

7 foldedalcove paths find a single non cancelling
path of correct degree weight
G invariance 7 relative Satake isomorphism

Determining Schor function Asymptotic Planderel Formula



Conclusion
It is now a sm all step to conclude

Theorem Xi'sTheorem Rep Fx

H Matn N
25239

i


